Manipulation and storage of optical field and atomic ensemble quantum states 
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We study how to efficiently manipulate and store quantum information between optical fields and 
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I. INTRODUCTION 

If photons are known to be fast and robust carriers of 
quantum information, a major difficulty is to store their 
quantum state. In the continuous variable regime a num- 
ber of non-classical optical field states - squeezed or en- 
tangled states - have been generated with great efficiency 
[1111111,1111111111' However, in order to realize scal- 
able quantum networks ITo| quantum memory elements 
are required to store and retrieve optical field states. To 
this end atomic ensembles have been widely studied as 
potential quantum memories ^1|. Indeed, the long-lived 
collective spin of an atomic ensemble with two ground 
state sublevels appears as a good candidate for the stor- 
age and manipulation of quantum information conveyed 
by light ^3 . Various schemes have already been studied: 
first, the recent "slow-" and " stopped- light" experiments 
have shown that it was possible to store a light pulse in- 
side an atomic cloud 0, Q| in the Electromagnetically 
Induced Transparency (EIT) configuration EIT is 

known to occur when two fields are both one- and two- 
photon resonant with 3- level A- type atoms, which allows 
one field to propagate without dissipation through the 
medium. However, the storage has only been demon- 
strated for classical variables so far. 
On the other hand, the stationary mapping of a quantum 
state of light (squeezed vacuum) onto an atomic ensem- 
ble, as well as the conditional entanglement of two ensem- 
bles, have been experimentally demonstrated, this time 
in an off-resonant Raman configuration |l6j | and in a sin- 
gle pass scheme. Quantum state transfers between light 
and atoms are also interesting in relation to " spin squeez- 
ing" and high precision measurements |0| and have been 
widely studied [11 [H El il HI . 

In the present paper we present a model for the inter- 
action between optical fields in cavity and atomic en- 
sembles, and show various examples of non-destructive 
atom-field quantum state transfers [2I [^ . In the first 
Section we show how to write an optical field quantum 
state - a squeezed vacuum state - onto the ground state 
coherence of an atomic ensemble. We assess the efficiency 



of the mapping in different situations, as well as the stor- 
age into the atoms. We then consider the reverse transfer 
operation, from the atoms to the field, and show that it is 
possible to perform a quasiperfect readout of the atomic 
state in the field exiting the cavity. In the next Section 
we show how these results extend to the manipulation 
and storage of Einstein-Podolsky- Rosen (EPR) entangled 
states. In the last Section we study how to transfer the 
squeezing stored into one ensemble into a second. 



II. QUANTUM STATE TRANSFER BETWEEN 
FIELD AND ATOMS 

A. Model system and evolution equations 

The interaction considered throughout this paper is 
schematically represented in Fig. ^ a set of N 3-level 
atoms in a A configuration interacts on each transition 
with one mode of the electromagnetic field in an optical 
cavity. The 3-level system can be described using 9 col- 
lective operators for the N atoms of the ensemble: the 

N 

populations H^ = ^ \i) ^ (i ~ 1 — 3), the compo- 

nents of the optical dipoles Pi in the frames rotating at 
the frequency of their corresponding lasers and their her- 
mitian conjugates and the components of the dipole asso- 

N 

ciated to the ground state coherence: i^r = l^)^ 
and P,!. The atom-field coupling constants are defined 
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FIG. 1: Three- level system in a A configuration. 
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by <7i = Soidi/h, where di are the atomic dipoles, and the other operators fluctuations 



£oi = y^hLL)i/2eoSc {S being the beam cross-section). 
With this definition, the mean square value of a field is 
expressed in number of photons per second. To simplify, 
the decay constants of dipoles Pi and P2 are both equal 
to 7. In order to take into account the finite lifetime 
of the two ground state sublevels 1 and 2, we include in 
the model another decay rate 70, which is supposed to be 
much smaller than 7. We also consider that the sublevels 
1 and 2 are repopulatcd with in-terms Ai and A2 , so that 
the total atomic population is kept constantly equal to 
N. 

The evolution of such a system is given by a set of 
quantum Heisenberg-Langevin equations 
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which allows analytical calculations and simple physi- 
cal interpretations. The atomic spin associated to the 
ground states is aligned along z at steady state: (Jz) = 
(112— Hi) /2 — N/2. The spin quantum state is then given 
by the coherence components, Jx = {Pr+Pj)/2 and Jy — 
{Pr - Pj)/2i. Their commutator, [J^, Jy] = iJz = iN/2, 
is then very similar to that of the field quadrature op- 
erators: [Xe,ye] = 2i, where = Ae"'" + A^e'^ and 
— X^^T^i2- The field or the atomic quantum state 
can be represented in a symmetrical fashion by the noise 
ellipsoid in the conjugate variable plane. For instance, 
as the field is said to be squeezed when the noise of one 
quadrature X^ is less than the shot- noise value of 1, the 
spin component Jq = Jx cos 9+Jy sin 9 in the (a;, ?/)-plane 
is said to be spin-squeezed when its variance is less than 
the coherent state value J(J^)|/2, and the degree of spin- 
squeezing is given by 



AJ' = 



AJl 



^ l(J.>l/2 



< 1. 



(4) 



We now explicit schemes in which quantum states 
(squeezed or entangled states) can be transferred between 
field and atoms in this representation. 



where the ^i's are assumed real, is the Rabi fre- 
quency associated to the control field, 5 = Ai — A2 is the 
two-photon detuning, k is the intracavity field decay and 
T the round trip time in the cavity, so that T — 2kt rep- 
resents the transmission of the cavity coupling mirror. 
The F's are standard (5-correlated Langevin operators 
taking into account the coupling with the other cavity 
modes. From the previous set of equations, it is possi- 
ble to derive the steady state values and the correlation 
matrix for the fluctuations of the whole atom-field sys- 
tem (see e.g. 0|)- In the following Sections we look 
for the best regimes for efficient quantum state transfers 
between fields and atoms and derive simplified equations 
for the transfer processes. 



B. Decoupled equations for the fluctuations 

We consider a very simple situation in which field f2 
plays the role of a control parameter and field A has zero 
mean value. In this case all the atoms are pumped in 
|2), so that only (112) is non zero in steady state. The 
fluctuations for 8Pr^ 6P2 and 6 A are then decoupled from 



C. Writing onto atoms 

For such a system two situations are particularly in- 
teresting for non-dissipative transfer processes: one is 
the so-called Electromagnetically Induced Transparency 
configuration, in which the fields are both one- and two- 
photon resonant (A = ^ = 0). The other is the Raman 
configuration, where the one-photon detuning is much 
larger than the exited state lincwidth (A ^ 7). These 
two interactions are rather insensitive to spontaneous 
emission and, therefore, very favorable to non-destructive 
quantum state transfer operations. For relatively bad 
cavities the field and the optical coherences evolve rapidly 
as compared to the ground state coherence. In this limit 
it is possible to adiabatically eliminate these operators 
and derive simple analytical equations for the ground 
state observables: 

SJx = -JeSJx-peSXl^ + fx (5) 

Sjy = -jJJy-PJY^'^ + f^ (6) 

where e stands for the situation considered: "FIT" 
(A ~ 0) is denoted by e = 0, whereas the "Raman" 
configuration (A ^ 7) corresponds to e = 7r/2. With 
these notations 7e = 70 + F^ is the effective pumping 
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rate for the fluctuations [Fq = rs/(l + 2C) in EIT and 
= (1 + 2C)rj^ in a Raman configuration]. /3g is 
the coupUng coefficient between the incident field and 
the atomic coherence [(3q = gN^/^{l + 2C)\/T and 
= g./Vri/AVT], and the /'s are effective quantum 
Langevin operators accounting for dissipation. In both 
cases the effective two-photon detuning and the effective 
cavity detuning are set to 0. Both situations derive from 
formally similar effective Hamiltonians 



JyX^ 



(7) 



Since this Hamiltonian is nothing but the coupling be- 
tween two harmonic oscillators, the physical interpreta- 
tion is clear: if one knows the input field state A'" vari- 
ance matrix one can deduce that of the atomic spin. In 
EIT, for instance, and for a broadband squeezed vacuum 
input, the spin-squeezed component angle 9sq will be that 
of the field squeezed quadrature: 9sq = Ssq- In a Raman 
configuration a 7r/2 rotation of the spin should be per- 



formed: 



Jsq 



'Sq 



7r/2. In both cases the minimum 



variance takes a similar form 



AJ, 



2 
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where e"^*" is the incident field squeezing. The first 
term (a e"^'') reflects the incident field state, the sec- 
ond (oc 7o) is the noise contribution associated to the 
loss of ground state coherence and the third (oc F^) is 
the noise contribution coming from spontaneous emis- 
sion. Consequently, one sees that a good quantum state 
transfer - AJ^j„ ~ e"^'' - occurs in the regime C ^ 1 
and 7o <C Fg <C 7, K. A useful quantity to characterize 
the quality of the quantum state transfer is provided by 
the transfer efficiency 77 = (1 — AJ^j^)/(l — e^^^), which 
can be written as 



Ve 



2C 



1 + 2C 70 + F, 



(9) 



In Fig. Elb) we show the transfer efficiency versus the 
cooperativity. For each value of C the optical pumping 
was optimized numerically in order to maximize the effi- 
ciency [23. A high efficiency is possible for rather small 
values of the cooperativity. 

Note that, in this case, one could also define a stan- 
dard quantum limit for the atomic noise by looking at the 
atomic noise spectrum. In this low-frequency approxima- 
tion the atomic coherence noise spectra have a Lorentzian 
shape with FHWM given by 27^. For the squeezed com- 
ponent this Lorentzian has a peak value decreased by 
a factor e"^*" as compared to that of the corresponding 
coherent state [see Fig. |2Ia)]. However, this notion of 
standard quantum limit at a given frequency is only rele- 
vant when comparing with the noise spectrum of a coher- 
ent spin state under the same conditions (same pumping 
strength 7^, same number of atoms...). Besides, 7^ repre- 
sents the quantum memory storage frequency bandwidth. 




FIG. 2: (a) Atomic noise spectra for the least noisy spin 
component, for different values of the input squeezing Rin = 
1 — e~^^ . The effective pumping rate and the cooperativity 
are the same for each curve (C = 100, 7^ = O.O757). (b) 
Optimized transfer efficiency versus cooperativity. 



An interesting feature of this cavity scheme is that it is 
much broader than the natural linewidth 70. 

This simplified model can be shown to be in excellent 
agreement with full quantum calculations in the regime 
considered. A more detailed study of what happens when 
Fg is increased, when the detunings are non-zero or when 
arbitrary field states for A are used can be found in Ref. 



D. Storage and readout 

The squeezing transfer can be considered completed af- 
ter a time of a few If all fields are abruptly switched 
off one is left with a spin squeezed atomic ensemble. The 
atomic squeezing decays very slowly on a timescale given 
by 1/70- After a storage time ts, small with respect to 
this decay time, one can retrieve the atomic state into 
the field exiting the cavity by switching on again only 
the control field. Indeed, neglecting 70 and in the regime 
Fg 7, K the outgoing field mode can be shown to be 



(10) 
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with a = rjyWT/N, P = 2r]/Vl + 2C and Xy, is a white 
noise operator corresponding to a normaUzed Langevin 
operator with unity spectrum, ry — 2C/(1 + 2C) is the ef- 
ficiency for 7o = 0, independent of the interaction consid- 
ered. The terms in X™, X^^ are intrinsic and added field 
noise terms, whereas the term in provides the quan- 
tum information relative to the incident atomic state. 
The two-time correlation function has a much simpler 
form 



(11) 

-r^it+t') 



In the absence of coupling [F^ — 0], or for a coherent 
spin state [AJ^ — 1], one naturally retrieves a shot-noise 
limited free field, with a (5-correlation function. How- 
ever, if the atoms are spin-squeezed one transitorily ob- 
serves sub-shot noise fluctuations for the outgoing field. 
It was shown in that it is possible to measure the 
atomic state with almost 100% efficiency using a homo- 
dyne detection and correctly choosing the local oscillator 
temporal profile - or, equivalently, by choosing the right 
electronic gain in the detection process. Using an opti- 
mal matching in e~'"^*, adapted to the atomic temporal 
response, the readout efficiency, defined as the ratio of 
field squeezing to atomic squeezing (at switching time), 
is then also given by ry. Taking into account that the 
atomic squeezing has decreased by a factor e"^'''"'' dur- 
ing storage, the global efficiency of the quantum memory 
is then 77^6"^'''''*=. 



III. EPR-CORRELATED ATOMIC ENSEMBLES 
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FIG. 3: Scheme for entanglement storage into two ensembles. 

In this Section we show how to generalize the previ- 
ous quantum state transfer to quantum correlated states, 
or EPR states, which are of great importance in many 
quantum information protocols in the continuous vari- 
able regime. As mentioned earlier such states are now 
readily produced by different sources and with very good 
efficiency 0, H ISj • We therefore assume that we dis- 
pose of a pair of EPR-entangled vacuum fields, Ai and 



A2, and of a pair of identical ensembles (1) and (2), as 
shown in Fig. |3| The amount of EPR-type correlations 
between the incident field modes is quantified using the 
inseparability criterion j26j| 



If = -[A2(X™ -X™) 



A2(ri^" -f^y™)] < 2 (12) 



For the spins Jxi — Jx2 and Jyi + Jy2 are the equivalent 
of the EPR operators, since {[Jxi — Jx2,Jyi + Jy2]) = 
i{Jzi — Jz2) = when spins 1 and 2 are equal and par- 
allel. A similar criterion to (|12|l can be derived for the 
inseparability of spins 1 and 2 

A2(J,i - Jx2) + A2(J^i + Jy^) < |(J,i)| + |(J,2)| - N 

As in the previous Section "EIT"- or "Raman" -type in- 
teractions with both ensembles lead to coupling between 
the incident EPR-fields and the spin coherence compo- 
nents 



^(<5Jx1 - 5Jx2) 



— ((5Jyl -f 5Jy2) = -le{SJyl + 5Jy2) 



7s{SJxl - 5Jx2) (13) 
/3e(5X--<5X-)-H/,l-/.2 

(14) 

/?e(5ri7+<51^™) + /,l+/,2 



and one can show that the field entanglement is efficiently 
transferred to the spins (2^ 



Inf — :::: If 4" 2 

1 + 2C 7e ^ 



To le 

7e (1 + 2C)7e 



(15) 



where lat = j^[A'^{Jxi - Jx2) + ^'^{Jyi + Jy2)] stands 
for the atomic entanglement (normalized to 2). The 
same conclusions hold: for a good cooperative behav- 
ior (C ^ 1) and for 70 <C 7e <C 7, k, the added noise 
terms (oc 1/(1 -f 2C) and 70) are negligible compared to 
the coupling, and the atomic entanglement is close to the 
initial field entanglement. Tat ~ If- 
The same readout scheme as previously can be applied 
to retrieve entanglement in a transient manner between 
the outgoing fields. This entanglement can be measured 
using the techniques developed in Refs. lEIlES- Note 
that the lifetime of this entanglement is given by the 
phenomenological time constant I/70 introduced in our 
model. For cold atoms it can represent the loss of atoms 
out of the trap, and for atomic vapors the depolarizing 
time. We have neglected the collisions leading to a depo- 
larization of the spin, which is legitimate for cold atoms, 
but should be considered for vapors if one were to evalu- 
ate precisely the storage time of the quantum memory. 



IV. PSEUDO-QUANTUM REPEATER 

We assume that we dispose of two identical atomic 
ensembles [Fig. 0] and that, using the techniques of Sec. 
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Ensemble 1 Ensemble 2 

FIG. 4: Scheme for the "pseudo" quantum repeater. 

Ill CI we have spin-squeezed ensemble 1 to some degree 
e"^*"! on the a;-component and that it is in a minimum 
uncertainty state (AJ^j^ = e^''^). Spin 2 is initially in 
a coherent spin state aligned along z. If we perform an 
optical readout of ensemble 1 by switching on the control 
field in the first cavity the outgoing field is squeezed, as 
can be seen from It can then be used as input for 

the spin in the second cavity 

- -7s'5J.2 - /3s'5Xr* + /-2 (16) 

ijyl = -le^Jyl-PMr' +hl (17) 

where and y^°"* are input fields out of the first cav- 
ity, the expression of which is given by (|10|l . In the pre- 
vious equations we have neglected the transit time from 
one cavity to the other. The variances of spin 2 coher- 
ence components can be calculated from Eqs. (|10(l . 
and (|17|l : one gets, after normalization by the atomic 
shot-noise 



A4'2(i) = l-??'(27st)'e- 
AJ,^2(i) = l + ^^(27.t)'e 



-2ri 



(18) 
(19) 



The squeezing in the second cavity is maximum for t = 
l/js and is related to the squeezing in the first cavity: 



FIG. 5: Minimal variance of spin 2 as a function of time: 
the squeezing increases to a maximum for "/^t ~ 1 and then 
decreases back to 0. The initial squeezing in ensemble 1 is 
1 - e-^'i = 0.5. 



this imperfect transfer is to go to the Fourier domain and 
see that the first ensemble response has a spectral width 
given by 7^, and the input squeezing spectrum of is 
itself multiplied by the same response function for spin 
2. The atomic noise spectrum in the second cavity is 
then the product of two Lorentzian profiles with equal 
width 7e. The atomic noise is then at best the integral 
of this squared Lorentzian, which results in this approx- 
imately 50% quantum state transfer. Note that having 
different widths for the readout of spin 1 and the writing 
on spin 2 does not improve the result. To fully transfer 
the state of spin 1 to spin 2 one actually needs a more 
refined protocol, atomic teleportation 28, 29], which re- 
quires entanglement of the kind used in Sec. IIIII 



CONCLUSION 



1 



-2r2 



-2ri 



(20) 



Since ~ 0.54, only a little bit more than half of 

the initial squeezing can be transferred to the second en- 
semble with direct method. Another way to understand 




We have presented a quantum model in which non- 
dissipative interactions provide quasiperfect quantum 
state transfer between optical fields and atomic ensem- 
bles spins. Field squeezed states and EPR-entangled 
states can be stored with high efficiency into atoms for a 
long time, and read out at will in the fields exiting the 
cavities. Since both the squeezing and the entanglement 
are conserved in such operations these results should be 
of importance for the realization of robust quantum in- 
formation and communication networks involving optical 
fields and atomic ensembles. Last, we examined the pos- 
sibility to transfer by these techniques the squeezing of 
a first atomic ensemble to a second. However, the effi- 
ciency of the second mapping is limited to about 50%. 
To achieve a perfect mapping one needs to perform a 
full quantum teleportation protocol. This can be done 
by combining all the ingredients presented in this paper 
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